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AbstractÐIn this study, the relation between the deformational behaviour of two-phase rocks and the grain
size distributions of the constituent phases is investigated. Samples of hot isostatically pressed 50:50 volume
percent mixtures of calcite and anhydrite were experimentally deformed in a triaxial apparatus at a tempera-
ture of 5008C, a con®ning pressure of 300 MPa, and a strain rate of 2�10ÿ5 sÿ1. For calcite and anhydrite
these are the deformational conditions for dislocation and di�usion creep, respectively, and for a grain size of
8 mm these are the conditions of the equiviscous point. It was found that samples from di�erent batches of the
synthetic material, while having an identical average two-dimensional grain size, displayed signi®cantly di�er-
ent rheological behaviour. The ensuing full analysis revealed that the volumetric three-dimensional grain size
distributions of the di�erent phases and the di�erent batches varied signi®cantly. Since the anhydrite is in the
transition between the dislocation and the grain size sensitive di�usion creep regime, the deformational beha-
viour of the bulk depends critically on the grain size distribution of the anhydrite phase. The usefulness of the
concept of an average grain size is discussed. # 1998 Elsevier Science Ltd. All rights reserved

INTRODUCTION

There are many experimental and theoretical studies to

testify that grain size plays an important role in the

rheology of materials. If deformation occurs by grain

size sensitive ¯ow, grain size, ¯ow stress, temperature

and strain rate are intimately related, as described by

the following simpli®ed equation.

_e � A exp�ÿQ=RT �sn d ÿm �1�
Grain size may by viewed as the result of a given stress

level and a given strain rate or it may be viewed as the

critical parameter which selects whether a material is

going to deform by grain size sensitive di�usion creep

or by grain size insensitive dislocation creep, at a given

stress level and strain rate. This mutual dependence of

deformation mechanism on grain size and vice versa

has been demonstrated for many di�erent rock types

and metals (e.g. Schmid et al., 1977; Brace and

Kohlstedt, 1980; Walker et al., 1990). In the di�usion

creep regime, minor changes in grain size have major

e�ects on the ¯ow stress±strain rate relationship.

Depending on the value of m [equation (1)], ¯ow stress

may decrease drastically if grain size decreases. In

paleopiezometry this ¯ow stress±grain size relation is

used in so far as the grain size of dynamically recrys-

tallized grains is regarded as a measure for the di�er-

ential stress that was active during deformation (Twiss,

1977; Derby, 1990).

When considering grain size from a theoretical point

of view, for example, in a ¯ow law, grain size is

de®ned by a diameter, d, which is understood to be the

diameter of the three-dimensional (3-D) grains (e.g.

Nabarro, 1948; Rutter, 1976; Rutter and Brodie, 1988;

Schmid 1982; Twiss, 1977, and many others). In as

much as d is a number and not a distribution function,

it is implied that either the grain size distribution is

monodisperse (i.e. all grains are of the same size) or

that d is an average value and that the dispersion of

the grain size distribution is not relevant to the defor-

mational behaviour described by the ¯ow law. The dis-

tribution or spread of grain size is considered only in

so far as it is recognized that the large and the small

grain size fractions may behave di�erently, in particu-

lar thatÐat threshold conditionsÐthe small fractions

may deform by grain size sensitive di�usion creep

while the large fraction is still in the (grain size insensi-

tive) dislocation creep regime (Ghosh and Raj, 1981;

Raj and Ghosh, 1981; Hamilton, 1985; Freeman and

Ferguson, 1986; Wang, 1994). From this point of view,

a chemically monophase material appears as a mixture
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of two di�erent physical materials with di�erent rheo-

logical properties. And each of these materials is again

described by a `typical' or average grain size.

In contrast, when grain size is obtained as the result

of a measurement, it is usually a two-dimensional (2-

D) measure which is derived from 2-D sections. Most

commonly, a histogram of linear intercepts of cross-

sectional shapes is used to calculate an average or typi-

cal grain size (for linear intercept method, see, e.g.

Underwood, 1970). In order to obtain the 3-D mean

grain size from the 2-D mean, most commonly, factors

between 1.28 and 1.5 are used (e.g. Panozzo, 1982;

Panozzo Heilbronner, 1992; Dell'Angelo and Olgaard,

1995). Calculating the 3-D mean grain size from the 2-

D mean by multiplication with a constant implies that

the ratio between the average of the 2-D and the 3-D

grain size distribution is a constant, irrespective of the

distribution of grain size. However, one is easily con-

vinced on theoretical and empirical grounds, that this

underlying assumption is wrong (e.g. Bach, 1967).

Occasionally, not only the measures of central ten-

dency, but also the measures of dispersion, skewness

and kurtosis of the 2-D grain size distributions are

used to calculate the corresponding statistical descrip-

tors of the 3-D distribution. Again, the erroneous

assumption is that the relation between the statistical

descriptors of the 2-D and the 3-D grain size distri-

butions should be linear (e.g. Friedman, 1962)

Finally, it is usually neglected that the numerical

density distribution (the frequency distribution) does

not adequately portray the physical signi®cance of the

3-D grain size distribution. For this purpose, the volu-

metric or weight distributions of grain size should be

used. Moreover, for the comparison with the results of

sieve analyses, it is clear that volumetric grain size dis-

tributions are more appropriate (not the number of

grains per fraction but their fractional volume is of im-

portance).

The motivation for this paper is given by a set of

rock deformation experiments during which synthetic

samples of anhydrite±calcite mixtures were deformed

at various temperatures and strain rates (Bruhn, 1996).

In several samples where the average grain size of both

phases appeared to be identical, the deformational

behaviour was signi®cantly di�erent. After verifying

that the di�erent ¯ow stresses could not be accounted

for by experimental artefacts or measuring errors, the

SEM back scatter images were examined again. While

the identity of the average grain size could be veri®ed

within statistical limits, it became apparent that the

grain size distribution varied from anhydrite to calcite

and from one type of sample preparation to the next.

The need for a more discriminating analysis of grain

size was obvious.

SAMPLE PREPARATION AND EXPERIMENTAL
PROCEDURE

For the deformation experiments, ®ne-grained syn-
thetic calcite±anhydrite aggregates were used. The
starting materials were reagent grade powders of hemi-
hydrate (CaSO4�1/2 H2O) and calcite (CaCO3). Calcite
and anhydrite were selected as end-member phases,
because their rheologies and deformation microstruc-
tures were studied previously on samples made from
the same starting materials (calcite: Olgaard and
Dell'Angelo, 1993; anhydrite: Dell'Angelo and
Olgaard, 1995).

The synthetic rocks used in the experiments were
fabricated in three steps: (1) Mixing of the powders;
(2) uniaxial cold-pressing of the powder mixtures; and
(3) hot isostatic pressing (HIPing).

Calcite and hemihydrate powders were combined in
various proportions (see Bruhn, 1996). In a ®rst
attempt, the powders were mixed as a suspension with
ethanol in closed containers by rolling for 24 h. After
drying and densi®cation, the rock appeared homo-
geneous, however, optical and electron microscopy of
the samples revealed a tendency for the anhydrites to
form clusters of 10±20 grains (e.g. Fig. 1a).

To avoid clustering, large alumina balls (diameter
approx. 2 cm) were added to the ethanol-powder sus-
pension during the mixing process. The end result was
that the anhydrite was not only well dispersed, but
also, that the largest anhydrite grains were reduced in
size (Fig. 1b). In the following, the ®rst procedure
(without alumina balls) will be called HIP-1, the sec-
ond (with alumina balls) HIP-2.

After the mixing, the powders were dried on a hot
plate and cold-pressed into steel canisters. To drive all
the water o� the hemihydrate, the mixed and cold-
pressed powders were kept at 5008C for 24 h, before
the canisters were welded shut and hot isostatically
pressed at 5508C and a con®ning pressure of 200 MPa
for 4 h. From the resulting synthetic rocks, cylinders
were cored for triaxial deformation experiments.

RHEOLOGY OF TWO-PHASE AGGREGATES

End-members

The anhydrite end-member of this study is identical
to the one described by Dell'Angelo and Olgaard
(1995) and Olgaard and Dell'Angelo (1995). There,
two ¯ow regimes were recognized: (a) a twinning and
dislocation creep regime at high stresses and (b) a
regime of di�usion creep with grain boundary sliding
at low stresses, with a slow transition of the ¯ow law
parameters and the diagnostic microstructures and tex-
tures between the regimes. In those studies, the average
grain sizes were given as 8 mm and 5 mm. At high stres-
ses (regime 1), the stress exponent, n, was found to be
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5; the grain size exponent, m, was 0. At low stresses
(regime 2), n was found to be 1 and m was 3.
The calcite end-member of this study is the one

described by Olgaard and Dell'Angelo (1993). There,
the average grain size was given as approximately
8 mm. At high stresses, calcite deformed dominantly by
dislocation creep with a stress exponent, n, of 4. At
low stresses, the in¯uence of di�usion creep increases,
and the stress exponent n was 2.
The rheological behaviour of pure anhydrite and

calcite is summarized in Fig. 2. The ¯ow laws of pure
calcite and pure anhydrite predict that at a stress level
of 75 MPa, deformation of both phases occurs at the
same stress. However, calcite deforms by dislocation
creep while the anhydrite deformation is in transition
between dislocation and di�usion creep. Due to
ongoing recrystallization in the anhydrite at the exper-
imental conditions chosen for the present study, this

transition spans more than one order of magnitude of

strain rate. Thus, it is possible that samples in which

dislocation creep is the dominant deformation mechan-

ism, may deform at stresses of 120 MPa (Dell'Angelo

and Olgaard, 1995), while an increasing contribution

of di�usion creep leads to correspondingly lower

sample stresses. In other words, with anhydrite being

in the grain size sensitive ¯ow regime (with the grain

size exponent, m, of 3), a small decrease in grain size

should lower the strength of anhydrite signi®cantly.

The grain size of calcite does not a�ect its strength

because it is not in the grain size sensitive regime.

Provided that the weaker phase controls the behaviour

of the mixed aggregates, the ¯ow stresses of the mix-

tures of anhydrite and calcite should be close to that

of the anhydrite if strain rates are relatively slow, and

close to that of calcite if strain rates are relatively fast.

Fig. 1. Pre-processed images of SEM micrographs of 50:50 mixture of calcite and anhydrite. Light greyÐanhydrite, dark
greyÐcalcite, whiteÐhole. (a) Sample prepared after the HIP-1 technique, (b) sample prepared after the HIP-2 technique

(see text). Scale bar (10 mm) applies to both microstructures.
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50:50 mixtures of anhydrite and calcite

In contrast to the reasoning outlined above, it was

found, that on the whole, at 5008C, HIP-1 mixtures

were much stronger than pure calcite and stronger

than the ®ne-grained anhydrite in the di�usion creep

regime, but similar in strength to anhydrite in the dis-

location creep regime. One was weaker than both end-

members. The reproducibility of the HIP-2 samples

was much better than that of the HIP-1 samples. On

average, they were weaker than the HIP-1 mixtures,

with ¯ow stresses plotting in between the strengths of

pure calcite and anhydrite, with a tendency to be

slightly closer to the weaker phase.

In this paper we will focus on ®ve samples with

50:50 mixtures. Two are undeformed samples: H1185.1

and H1185.2 which are HIP-1 and HIP-2 mixtures, re-

spectively. Three are experimentally deformed samples
(5008C, 300 MPa, 2� 10ÿ5 sÿ1): H1164.1 and H1132.1
are HIP-1 mixtures, H1240.2 is a HIP-2 mixture. The
experimental results for these samples are compiled in
Table 1; and shown in Fig. 2.

H1164.1 deformed at a ¯ow stress which is above
that of the equiviscous point, i.e. the sample is stron-
ger than the calcite and anhydrite end-members.
Sample H1240.2 deformed at the ¯ow stress which cor-
responds to the equiviscous point for 8 mm grain size
of anhydrite. Sample H1132.1 was weaker than calcite
and weaker than anhydrite at 8 mm grain size. Since
anhydrite is in the grain-size sensitive regime, the re-
duction of grain size from 8 to 4 mm should lower the
¯ow stress of pure anhydrite from 75 to approx. 10
MPa. The calculated curve is shown as a black dashed
line in Fig. 2.

Under the assumption that the average grain size of
anhydrite is 8 mm, sample H1240.2 deforms at the cor-
rect stress level, while sample H1164.1 is too strong
and sample H1132.1 is too weak. If the grain size of
anhydrite is smaller than 8 mm (between 8 mm and
4 mm), sample H1132.1 may be considered to deform
at the `correct' ¯ow stress, while the measured ¯ow
stresses of samples H1164.1 (150 MPa) and H1240.2
(72 MPa), which deform at the stress of the (stronger)
calcite, appear too high.

It is obvious that the interpretation of these data
points depends very critically on the correct assessment
of grain size. Therefore, we will now turn to possible
methods of grain size measurement and to a critical
review of the results.

ANALYSIS OF 2-D GRAIN SIZE DISTRIBUTIONS
BY IMAGE ANALYSIS METHODS

In order to obtain the full 2-D grain size distri-
bution, the following analysis was performed. On
transparencies which were placed over the back-scat-
tered SEM images, the calcite and anhydrite grains
were outlined. The drawings were scanned on a ¯at
bed scanner, using a resolution of 300 dpi. The calcite
and anhydrite grains were coloured with di�erent grey
levels using Adobe Photoshop2 3.0 graphic software.
Figure 1 shows pre-processed images of samples
H1185.1 and H1185.2.

Using the public domain software NIH Image 1.60,
the calcite and anhydrite grains where extracted by
appropriate grey level slicing. Using the `Analyze'
menu, the bitmaps were evaluated, and the list of
measurements (areas of cross-sectional shapes) was
transferred to Kaleidagraph2 spread sheet program.
The sizes of the cross sectional areas of the grains were
given in pixels, and had to be scaled and converted to
mm2. Dividing the areas by p and taking the root, the
radii of the equivalent circles (=circles with the same
area as the cross-sectional shape) were obtained.

Fig. 2. Log stress vs log strain rate diagrams for pure anhydrite and
pure calcite. Black dotsÐexperimental results for 50:50 mixtures of
anhydrite and calcite (H1132.1, H1240.2, H1164.1, see Table 1).
Solid linesÐexperimental results for 5008C (Bruhn, 1996). Stippled
black lineÐcalculated line for 4 mm grain size. Heavy grey stipplesÐ

boundary between dislocation and di�usion creep ®elds.

Table 1. Experimental results

Sample* Mixture
Flow stress

(MPa) Total strain (%)

H1132.1 HIP-1 43 19
H1240.2 HIP-2 72 5
H1164.1 HIP-1 150 18

*Experimental conditions: Temperature = 5008C; con®ning press-
ure = 300 MPa; strain rate = 2�10ÿ5 sÿ1.

R. HEILBRONNER and D. BRUHN698



d � 2 � r � 2 � �area=p�1=2 � 1:128 � area1=2 �2�
where d= diameter, r = radius of the equivalent cir-
cle, area = measured area of the cross-sectional shape
(explanation of symbols, see Table 2).
Figure 3 shows the results as histograms of the num-

ber of grains per interval of diameter, d. The mean di-
ameters and standard deviations of these 2-D

distributions were calculated; they are listed in Table 3.
The mean grain size, the standard deviation and the
skewness are listed, too (Table 3). The mean grain
sizes of anhydrite of the HIP-1 and HIP-2 samples are
exactly identical (2.3 mm); those of calcite are 2.6 and
3.1 mm, respectively. However, from a rheological
point of view, i.e. since calcite does not deform in the
grain size sensitive regime, the grain size of calcite is
not considered important.

While the mean grain size of anhydrite is constant
for both mixtures, the sorting of preparation HIP-2 is
much better than that of HIP-1. This is shown by a
smaller standard deviation of 1.4 vs 2.4 and a smaller
skewness of 1.2 vs 3.3. Note that a large positive skew-
ness is indicative of the presence of a few very large
grains.

Obviously, these average grain sizes are much smal-
ler than those indicated by Dell'Angelo and Olgaard
(1995) and Olgaard and Dell'Angelo (1993) for the
end-members, i.e. smaller than those that were
assumed for the calculation of the equiviscous point
(Fig. 2). In as much as the average 2-D grain size de-
termination used here is an equivalent to the method

Table 2. List of symbols

Symbol Explanation

area measured area of the cross-sectional shape
r radius of the equivalent circle
d= 2�r diameter of the equivalent circle
f(x) numerical density distribution (ungrouped data) of x
h(d) numerical density histogram (grouped data): number or

percent (%) of diameters in given interval of d
R radius of sphere
D= 2�R diameter of sphere
h(D) numerical density histogram of diameter of spheres
V(D) volumetric density histogram (grouped data): percent of

volume of spheres within given interval of D
m(x) mean of distribution of x
s(x) standard deviation of distribution of x
sk(x) skewness of distribution of x

Fig. 3. Numerical density distributions, h(d), of 2-D grain size. dÐdiameter of equivalent circle. Left column: unde-
formed samples, right column: deformed samples. anhÐanhydrite, ccÐcalcite.
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of average intercept length used in the above cited

papers, the comparison of `average grain size' is valid.

Note that the factor between the average intercept

length of 8 mm of the anhydrite end-member (as

measured by Dell'Angelo and Olgaard, 1995) and the

2.5 mm `average grain size' of anhydrite of the samples

deformed here is approximately 3, and the deformation

of the anhydrite by itself is expected to take place at a

¯ow stress of approximately 2.5 MPa! In other words,

compared to the extrapolations implied in Fig. 2, all

samples deformed at ¯ow stresses that were much too

high. This point will be taken up later.

Interestingly enough, the deformed samples do not

preserve the initial average grain size. The mean grain

size of anhydrite of the HIP-1 samples (H1132.1 and

H1164.1) decreases to a value of 1.6 mm, that of the

HIP-2 sample (H1240.2) increases to 2.7 mm. Similarly,

the mean grain size of calcite of the HIP-1 samples

decreases from 2.6 to 2.3 mm, while that of the HIP-2

sample increases slightly from 3.1 to 3.3 mm. In the

case of calcite, the standard deviations vary in an ana-

logue fashion as if scaled by the same factor as the

means while the skewnesses remain more or less unal-

tered.

From the analysis of the 2-D grain size distribution,

one may conclude that on the whole, these `increases'

and `decreases' of average grain size are not due to the

deformation processes or the type of mixture; instead,

that they are an expression of the inhomogeneities of

the starting materials. This is clear at least in the case

of calcite. In the case of anhydrite the picture is not so

clear and a more detailed discussion of the preser-

vation or destruction of the initial grain size distri-
bution during deformation will be presented later.

Most important, however, is the observation that
neither the mean nor any other statistical descriptor of
the 2-D grain size distribution corresponds to the
increase of ¯ow strength from H1132.1 (43 MPa) to
H1240.2 (72 MPa) to H1164.1 (150 MPa). Judging
from the mean, for example (Fig. 5a), the HIP-1 mix-
tures, H1132.1 and H1164.1, should behave similarly
while the ¯ow stress of the HIP-2 mixture should not
be intermediate but highest of the three.

CALCULATION OF 3-D GRAIN SIZE
DISTRIBUTIONS FROM 2-D GRAIN SIZE

DISTRIBUTIONS

From the histogram, h(d), of the numerical density
distribution of the 2-D grain size, f(d), the 3-D grain
size distribution can be calculated (see Table 2 for de®-
nitions) and various methods are given in the literature
(e.g. Spektor, 1950; Saltykov, 1958; Underwood,
1968). Here we will use the StripStar program (see
Appendix), which when applied to a given set of input
returns the same result as the Schwartz±Saltykov
method (best described in Underwood, 1968). The the-
ory underlying the StripStar program and the
Schwartz±Saltykov method is the same. Using
StripStar for interpreting the results in a manner as
described below has a few advantages: (a) the program
exists as a public domain software, (b) in addition to
3-D numerical density histograms, h(D), 3-D volu-
metric histograms, V(D), are calculated, a represen-
tation which is much more useful for physical
interpretations, and (c) the possible negative occur-
rences in the resulting 3-D histograms (the presence of
the so-called antispheres) are not neglected but used as
additional information.

The statistical descriptors of the numerical density
histograms, h(D), of the 3-D grain size distributions
are listed in Table 4. The calculated volumetric histo-
grams of 3-D grain size, V(D), are presented in Fig. 4,
the statistical descriptors are listed in Table 5.

The ®rst thing to note is that the statistical descrip-
tors of the numerical density histograms of the 3-D
grain size distributions (Table 4) are quite similar to
those of the 2-D distributions (Table 3). This means
that the statistical descriptors of the 3-D distribution,
h(D), are equally unsuited to explain the di�erences
between the rheological behaviour of the samples as
those of the 2-D distributions, h(d), (see also Fig. 5b).
In fact, not only the statistical parameters but the
entire shape of the numerical 2-D and 3-D grain size
distributions are very similar. For this reason, the h(D)
histograms are not shown.

The contrast between two and three dimensions is
brought out if the volumetric histograms are con-
sidered. The statistical descriptors and the histograms,

Table 3. Statistical descriptors of numerical density distribution of
2-D grain size

No. of grains m(d)* in mm s(d)* in mm sk(d)*

Sample anh cc anh cc anh cc anh cc

H1185.1 617 833 2.3 2.6 2.4 1.7 3.3 1.7
H1185.2 545 393 2.3 3.1 1.4 1.8 1.2 1.0
H1132.1 730 593 1.6 2.3 1.4 1.4 2.2 1.2
H1240.2 437 313 2.7 3.3 1.4 1.8 1.5 1.0
H1164.1 694 430 1.6 2.3 1.7 1.4 3.3 1.5

*Statistical descriptors of numerical density histograms, h(d), i.e.
of grouped data; d= diameter of 2-D grains.

Table 4. Statistical descriptors of numerical density distribution of
3-D grain size

m(D)* in mm s(D)* in mm sk(D)*

Sample anh cc anh cc anh cc

H1185.1 1.8 2.2 1.6 1.5 4.3 1.9
H1185.2 2.1 2.8 1.2 1.6 1.5 1.3
H1132.1 1.2 2.0 1.0 1.2 2.7 1.3
H1240.2 2.7 3.2 1.2 1.7 1.8 1.3
H1164.1 1.1 2.1 1.1 1.2 4.3 1.7

*Statistical descriptors of numerical density histograms, h(D), i.e.
grouped data; D= diameter of 3-D grains.
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V(D), of the 3-D volumetric grain size distributions are
quite di�erent (Table 5 and Fig. 4). The mean of the
3-D volumetric grain size distribution, V(R), of anhy-
drite is smallest in H1132.1 (4.2 mm), the sample that
deformed at the lowest stress, and highest in sample
H1164.1 (6.8 mm), which deformed at the highest
stress. For the ®rst time, a similar trend of mean grain
size and ¯ow stress can be noted for the anhydrite, but
not for calcite (Fig. 5c). This is a ®rst indication that
anhydrite, by its grain size sensitivity, may govern the
rheological behaviour of the bulk rock.
Note, however, that the average values of the 3-D

volumetric grain size cannot easily be compared to the
average intercept lengths used for the analysis of the
pure end-members (Dell'Angelo and Olgaard, 1995)
since the latter are equivalent to the 2-D measure.
Thus, the coincidence of the results found here with
the data assembled in Fig. 2 could still be fortuitous.
In fact, if the shape of the grain size distribution of
the material used in the cited paper were similar to
those of the synthetic materials used here, the average
value of the 3-D volumetric grain size of the pure end-
members would be expected to be larger. The problem

of having to compare the means of published 2-D and
those of newly calculated 3-D distributions has to be
kept in mind for the following discussion.

DISCUSSION

If we consider the volumetric grain size distribution
as a whole (Fig. 4), we note that the maximum anhy-
drite grain size in H1240.2 and H1132.1 is 10 mm,

Table 5. Statistical descriptors of volumetric density distribution of
3-D grain size

m(D)* in mm s(D)* in mm sk(D)*

Sample anh cc anh cc anh cc

H1185.1 9.8 5.5 5.9 3.1 0.1 1.0
H1185.2 4.1 5.4 1.8 2.1 0.4 ÿ0.1
H1132.1 4.2 4.1 2.5 2.0 0.4 1.3
H1240.2 4.4 5.8 2.0 2.5 0.9 1.0
H1164.1 6.8 4.2 4.7 2.2 0.5 1.2

*Statistical descriptors of volumetric density histograms, V(D), i.e.
of grouped data; D = diameter of 3-D grains.

Fig. 4. Volumetric density distributions, V(D), of 3-D grain size. DÐdiameter of sphere. Left column: undeformed
samples, right column: deformed samples. anhÐanhydrite, ccÐcalcite.
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while it is 16 mm in H1164.1. Various small and large
fractions of the V(D) grain size distributions of anhy-
drite and calcite are represented in Fig. 6(a & b), re-
spectively. While the grain size distribution of calcite is
unimodal and symmetric in the HIP-1 and HIP-2
samples, the anhydrite of the HIP-1 samples displays a
rather spread out or even bimodal distribution. Such a
distribution appears to be `unnatural'Ðan artefact of
the production processÐand without having measured
it, it is assumed that the grain size distribution of the
(natural) end-member is more closely approximated by
the improved HIP-2 material.
The anhydrite phase of the HIP-1 starting material

(H1185.1) has a large fraction of relatively large
grains: 70% of the volume (of anhydrite) consists of
grains whose diameter is larger than 6 mm, only 25%
of the volume consists of grains that are smaller than

4 mm (Fig. 6a). In contrast, 50 vol.% of the anhydrite
of the HIP-2 starting material (H1185.2) consists of
grains that are smaller than 4 mm, only 15 vol.% con-
sist of grains which are larger than 6 mm. After the ex-
periments, the volume fraction of large anhydrite
grains of the HIP-1 mixture is reduced (H1164.1) while
that of the HIP-2 mixture (H1240.2) remains more or
less unaltered. Judging from Fig. 6(a), sample H1132.1
looks much more like a HIP-2 than HIP-1 mixture.
The only way this can be explained is by considering
the inhomogeneity of the HIP-1 batch which yields
samples whose grain size statistic may vary much more
than those of the HIP-2 batch.

With respect to the grain size distribution of the cal-
cite phase, the HIP-1 and HIP-2 starting materials do
not di�er as much (Fig. 6b) as with respect to the
anhydrite. Thirty-®ve percent of the calcite volume of
HIP-1 and 25% of the HIP-2 batch consist of grains
that are smaller than 4 mm, while 35% and 45%, re-
spectively, are grains larger than 6 mm. In each case,
approximately 30 vol.% of the calcite consist of grains
which have a diameter from 4 to 6 mm. The calcite
grain size distribution of the deformed HIP-2 sample
(H1240.2) is not altered signi®cantly while the
deformed HIP-1 samples (H1164.1 and H1132.1) show
a slight tendency for grain size reduction: 50 vol.% of
the deformed calcite consists of grains that are smaller
than 4 mm as opposed to 35 vol.% of the undeformed
sample (H1185.1). At the same time, less than
15 vol.% of the deformed calcite consists of grains lar-
ger than 6 mm as opposed to more than 30% in the

Fig. 6. Volume fractions of coarse and ®ne grains of 3-D grain size
distributions of starting material and deformed samples: (a) for

anhydrite, (b) for calcite.

Fig. 5. Statistical parameters calculated for histograms of 2-D and 3-
D grain size distributions: (a) numerical density distribution of 2-D
grain size, h(d), (b) numerical density distribution of 3-D grain size,

h(D), (c) volumetric density distribution of 3-D grain size, V(D).
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undeformed sample. After the experiment, again ap-
proximately 35% of the volume of calcite consists of

grains that are between 4 and 6 mm in diameter.

The weakest sample (H1132.1) has the largest frac-

tion of small anhydrite grains, more than 50 vol.% are
below 4 mm. The strongest sample (H1164.1) has the

smallest fraction of small anhydrite grains, only
35 vol.% are below 4 mm. The strongest sample also

has the largest fraction of large grains: 50 vol.% are
above 6 mm, 35 vol.% are above 8 mm; while the

weaker samples only have 25 vol.% of grains larger
than 6 mm and less than 10 vol.% above 8 mm. The

main di�erence among the two weaker samples,
H1132.1 and H1240.2, lies within the very smallest

fractions. The weakest sample, H1132.1, consists of
25 vol.% of grains that are smaller than 2 mm, while

the intermediate sample, H1240.2, has less than
5 vol.% of these small grains.

Note that the experimental data of the pure end-
members refer to a grain size of 8 mm (Fig. 2). If we

consider anhydrite in the range above 4 mm, approxi-
mately 75 vol.% of the HIP-1 and 50 vol.% of the

HIP-2 starting material fall within this range, and
thus, can be expected to deform at the stress level

shown in Fig. 2. Only 25 or 50 vol.% of the anhydrite
has a smaller grain size, and thus, are expected to

deform at lower stress levels. We also note that 65 and
75 vol.% of the calcite of HIP-1 and HIP-2 respec-

tively are in the grain size range above 4 mm, 35 and
25% below it. However, as has been mentioned, the

grain size of calcite is rheologically unimportant.

Judging from the ¯ow law one would expect anhy-
drite to be the weaker phase, and thus that it should

control the strength of the sample. However, two
aspects have to be considered. Firstly, only a relatively

small fraction of the anhydrite phase has a grain size

that is signi®cantly smaller than 5 mm. The starting
material of HIP-1 and HIP-2 have from 10 to

15 vol.% of anhydrite which is smaller than 2 mm, i.e.
only 5±7.5 vol.% of the total rock is expected to

deform at stresses that are signi®cantly below the equi-
viscous point. Secondly, since the ®ne-grained anhy-

drite does not deform by crystal plasticity, the weak
grains do not elongate and hence show no tendency to

form an interconnected weak layer. Note however,
that the total strains are less than 20% and defor-

mation may not have reached a steady state (as it
could in a torsion rig, see Olgaard et al., 1997). In

other words, even the very weak fractions of anhydrite
tend to remain disconnected (`inert') within the frame-

work of the stronger anhydrite and calcite fractions. In
the presence of large amounts of large grains

(H1164.1), the very small grain size fraction appears to
be of no importance; only in the absence of large frac-

tions (as in H1240.2 and H1132.1), the sample with
the larger fraction of very small grains ¯ows more

readily.

SUMMARY

A number of synthetic rock samples consisting of a
50:50 mixture of anhydrite and calcite were deformed
at the equiviscous point calculated for aggregates of an
average 2-D grain size of 8 mm. At this condition, the
¯ow stress should be 75 MPa. However, in three iden-
tical runs, three samples of the synthetic material
deformed at 43, 72 and 150 MPa. Neither the 2-D nor
the 3-D numerical density distributions were capable
of explaining the rheological di�erences. Only the con-
sideration of the 3-D volumetric density distribution,
V(D) and its statistical descriptors permits a reasonable
explanation of the strength di�erences of the samples
presented in this paper.

The analysis of the deformational behaviour of the
anhydrite±calcite mixtures presented in this paper is by
no means exhaustive: The material that was used is
quite inhomogeneous, and the experimental data base
is very small. Nevertheless, we found indications that
the increasing ¯ow stress of the mixtures correlates (1)
with an increasing volume fraction of large anhydrite
grains (>6 mm) which are in the dislocation creep
®eld, and (2) with a decreasing volume fraction of very
small anhydrite grains (<2 mm) which are in the di�u-
sion creep ®eld.

At the same time, it does not appear to correlate
with any aspect of the grain size distribution of the
calcite. Without the formation of an interconnected
weak layer, the potential of the weak phase to induce
bulk deformation at low ¯ow stresses remains `ine�ec-
tive'. It was further found that the deformation at or
near the equiviscous point of calcite and anhydrite
tends to preserve the grain size distribution of calcite
but not that of anhydrite. The question remains if
there is a threshold grain size or a threshold volume
fraction of the anhydrite which may induce the aggre-
gate to switch from dislocation to di�usion creep.

Table 6 summarizes the procedural steps that were
undertaken for the determination of the 2-D and 3-D
grain size distributions of the samples as discussed in
this paper.

Table 6. Steps for grain size analysis by digital image analysis

1 Scanning electron microscopy of thin sections
2 Manual outlining of (bright) anhydrite and (darker) calcite

grains on SEM back scatter images
3 Scanning of contoured SEM micrograph using a ¯atbed scanner
4 Digital pre-processing and colour coding of the phases
5 Segmentation by grey level slicing using public domain image

analysis software, `NIH Image', conversion to bitmaps which
represent the cross sectional areas of anhydrite and calcite grains

6 Digital image analysis of cross-sectional areas, exporting list of
results (>500 measurements per phase)

7 Calculation of equivalent diameter of cross-sectional areas using
a spread sheet computer program, calculation of 2-D numerical
density histogram, h(d)

8 Calculation of 3-D distributions, h(D) and V(D), from the 2-D
distribution, h(d), using public domain software `StripStar'

9 Calculations of statistical descriptors of h(D) and V(D)
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CONCLUSIONS

Image analysis of several samples of two-phase syn-
thetic rocks, deformed and undeformed, demonstrates
that di�erences in the mean grain size, whether 2-D or
3-D, are not su�cient to account for di�erent rheolo-
gical behaviour and for di�erences in the ¯ow stress.
The concept of a single value for grain size, a `typical
grain size', is of very limited use and may even result
in misleading interpretations. This observation could
have consequences in all ®elds of tectonic modelling
and in applications where grain size is known to play
an important role; not only in grain size sensitive ¯ow,
but also in paleopiezometry, or in the interpretation of
grain populations formed by the crystallization of
phases from a melt, etc. It has been shown (e.g.
Freeman and Ferguson, 1986) that two or more defor-
mation mechanisms may contribute signi®cantly to the
deformation over a wide range of temperature and
stress/strain rate conditions. Changes in grain size dis-
tribution may lead to changes in the bulk rheology,
even if the mean grain size of the bulk rock or of the
individual phases does not change. This has to be kept
in mind because extrapolations of laboratory data and
tectonic models are often performed for one mechan-
ism and one grain size only.
The 3-D grain size distribution may be a critical pa-

rameter for many physical processes that take place in
rocks. In order to derive it, we must measure the full
2-D numerical density distribution, h(d), (not only the
average intercept length) and calculate the 3-D volu-
metric distribution, V(D), from it. It is useless to
speculate on a linear relationship between the statisti-
cal descriptors of the 2-D and the 3-D grain size distri-
butions, since we may ®nd that the `standard' log-
normal distribution is not as ubiquitous as we have
been induced to believe by looking at 2-D distributions
which indeed all have a tendency to look alike.
Whether 3-D grain size distributions are `typically'
unimodal±normal, log-normal (as in the case of sedi-
ments), skewed, or bimodal (as in the case of mixing
powders), depends on the di�erent physical processes
(sedimentation, nucleation, grain growth, etc.) which
have produced these rocks.
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APPENDIX

The computer program described below is designed to calculate the
distribution of radii of spheres, h(R), from the distribution of the
radii of cross-sectional circles, h(r). While any (positive) distribution
h(R) may be the generator of a distribution h(r), the reverse is not
true. As an example: every positive distribution h(R) generates a dis-
tribution h(r) that trails o� to zero. Therefore, a distribution h(r)
whose lower classes are empty cannot possibly be generated from
any positive h(R).
The computer program StripStar calculates a distribution h(R) irre-

spective of the input distribution, h(r). If a given distribution h(r) is
a valid distribution of sectional circles, the result of the calculations
of StripStar will be the generator distribution h(R) which consists of
positive occurrences only. If, however, h(r) is an invalid distribution,
the resulting distribution h(R) will feature negative occurrences, i.e.
antispheres. The meaning of antispheres is to mathematically account
for empty classes in the histogram of sections, and to `annihilate'
surplus sectional circles in the classes below an empty class. In prac-
tice, one will strive to prepare (i.e. measure) a distribution h(r) which
has no empty classes and which produces the least number of anti-
spheres. Means for obtaining good h(r) distributions are adjusting
the class width and/or increasing the sample size.
The underlying concept of StripStar is simple. The measured size dis-

tribution of sectional circles, h(r), is compared to one that would be
obtained if the size distribution of spheres, h(R), was the uniform
distribution. This `ideal' size distribution will be denoted h(r)u. The
theoretical values of the `ideal' h(ri)u are calculated by the following
equations:

pij � �R2
j ÿ r 2�iÿ1��1=2 ÿ �R2

j ÿ r 2i �1=2
h i

=Rmax pc �A1�

pi �
Xk
j�1
�R2

j ÿ r 2�iÿ1��1=2 ÿ �R2
j ÿ r 2i �1=2

h i
=Rmaxqno�A2�

where:

pij = probability to obtain sections of size ri from sphere of size
Rj

pi = probability to obtain sections of size ri=h(ri)u
Rmax = radius of the largest sphere
Rj = radius of a sphere
ri = radius of a sectional circle
k = number of classes of R and r

The measured distribution h(r) is worked o� (`stripped o�') from the
largest to the smallest class. The largest size class of spheres is at the
same time the largest possible class of sectional circles:

rmax � Rmax �A3�

Starting at the largest value of h(r), a unit starting proportion of
spheres is created with a radius Rk=Rmax. The size distribution of
sectional circles, h(r)k, pertaining to this largest class of spheres is
calculated and `stripped' from the measured (total) distribution h(r).
As a result, the remaining h(r) is zero for r= rk. The remaining h(r),
in particular the remainder of h(r) in the next lower class, h(rk ÿ 1), is
analysed next. The value h(rk ÿ 1) is divided by the theoretical value
of the `ideal' h(r)u at this point and a proportional fraction of Rk ÿ 1

is set aside. Again, the size distribution pertaining to the proportion
of Rk ÿ 1 is stripped o� the remaining h(r).
By repeating this procedure down to the last, i.e. smallest size class,

the entire distribution h(r) is stripped to zero, i.e. h(r) = 0.00 for all
grain sizes. In the course of successively stripping the distribution
h(r) o� the individual contributions, h(r)i, some classes of the remain-
ing values h(r) may drop below zero, and therefore, negative frequen-
cies may occur. In this case, for a given i, h(Ri) is calculated by
comparing the absolute value of h(di) with the `ideal' h(di)u, and then
set to the equivalent negative value.
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